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Values of the strength coefficient o-0 and the hardening ex-
ponent n for a number of steels are given in Table 1. These
data are taken from an extensive list compiled by Marin.8
Descriptions of methods for obtaining the.values of cr0 and
n from tensile test data are given in Refs. 7 and 9. With
the exception of type-304 stainless, a highly ductile austentitic
steel, the values of n given in Table 1 lie in the range 0 <
n < 0.3. It can be shown9 that the strain at maximum load
in a tensile test is equal to n for a material with a stress-strain
relation of the form cr = <r0en. Hence, high-strength steels,
since they have little ductility, have the smallest values of n.
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Bending Vibrations of a Circular Cylindrical Shell
with an Internal Liquid Having a Free Surface

ULRIC S. LINDHOLM,* WEN-HWA CHU,* DANIEL D. KANA,| AND H. NORMAN ABRAMSONJ
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Resonant bending frequencies and mode shapes were determined experimentally for a thin
circular cylindrical shell containing an internal liquid with a free surface. The measured
increase in frequency between uncapped and capped partially filled tanks of two different end
conditions are generally in agreement with theoretical predictions. Differences between
theory and experiment are attributed primarily to variations of actual mode shapes from
those assumed in the theory. This is true for both cantilever and pin-ended tanks, with the
latter being even more complicated by a strong dependence of mode shape on liquid depth.
Significant coupling occurred between bending and breathing shell responses, becoming in-
creasingly important with decreasing tank-fineness ratio.

Introduction

THIS paper represents a continuation of the authors'
studies of the dynamic interaction of a flexible tank with

an internally contained liquid. A previous paper1 dealt with
the effect of the internal liquid column on the breathing
vibrations of the tank wall. The present study is concerned
with the coupled tank-liquid system resonant bending fre-
quency for thin circular cylindrical shells and, particu-
larly, with the effect of the liquid free surface motion on the
coupled bending resonance. The studies were initiated using
uniform shells, where the coupled resonant frequencies were
at least an order of magnitude greater than the uncoupled
liquid free surface resonances. In subsequent work a theo-
retical investigation was made of the behavior of tanks with
added tip masses, in order to establish the influence of cou-
pling when the bending resonance is in the neighborhood of
the lower sloshing resonances. This latter condition more
nearly approximates the condition in actual launch vehicles.
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Available theoretical analyses show that the presence of
the liquid free surface, with its associated sloshing modes,
may shift the fundamental bending frequency of the liquid-
flexible tank system by an appreciable amount over that
which would occur if the free surface motion were not present.
Problems of flexible tank dynamics are therefore important
from the point of view of the missile designer, who must
have precise knowledge of the system resonant frequencies
in order that unduly large structural stresses are not created
and also that the structural resonances do not occur in the
neighborhood of the missile control system frequencies and
thus produce serious coupling effects. The present pro-
gram was initiated in order to verify experimentally the
existing analyses of the free bending vibrations of a tank,
partially filled with a liquid.

Miles2 has derived the frequency equation for the liquid-
filled circular cylindrical tank including free liquid surface
effects using the Lagrangian energy approach. Particular
results cited by Miles in his paper give increases in the funda-
mental resonant bending frequency resulting from liquid
sloshing of 5% and 27% for full cantilever and freely sup-
ported tanks of fineness ratio equal to one. This indicates
that in order to determine resonant frequencies accurately
it is necessary to take into account the free surface boundary
condition in determining the total apparent mass of the liquid.
The free surface coupling always results in an increase in the
resonant bending frequency over that for the capped tank.§

§ Here, and throughout this paper, a capped tank refers to one
in which the liquid sloshing motion is suppressed, i.e., the free
surface remains a plane surface normal to the tank generator.
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Several other investigators have considered the problem of
liquid-flexible tank interactions. In addition to other re-
lated problems, Reissner3 indicates two methods of solution
for the flexible tank containing a liquid with a free surface.
The first is to formulate the problem as an integral equation
to be solved for the wall displacement. The resulting homo-
geneous integral equation then is solvable approximately
by collocation methods. The second formulation indicated
is a variational treatment using the principle of minimum
complementary energy. However, specific examples for the
bending tank are not worked out in his paper. Rabinovich4

uses an integro-differential approach to the partially filled
tank problem. The liquid potential function is derived
by using a Lagrange-Cauchy integral, from which expressions
for the hydrodynamic and hydrostatic forces acting on the
tank walls are obtained. These expressions then are intro-
duced into the differential equation for the oscillations of a
thin-walled elastic bar. Characteristic frequencies of the re-
sulting integro-differential equation then can be solved by
Galerkin's method.

The problem of forced bending vibration at low frequen-
cies, in the neighborhood of the resonant sloshing frequencies,
has been studied by Bauer5 in a manner similar to that for
translation or rotation of a rigid tank. The problem is
solved for the liquid potential, the shape of the free surface,
the total force and moment of the liquid, and the pressure
and velocity distribution. The effect of damping in the
system is covered by Bauer in a separate report.6

Since the Lagrangian analysis as applied by Miles directly
yields the frequency determinant for an assumed bending
mode shape, this method was used for correlation with ex-
perimentally-determined resonant frequencies. Solutions are
obtained for the resonant bending frequencies of partially
full cantilever and simply supported circular cylindrical
tanks of varying fineness ratios. The capped and uncapped
resonant frequencies then are compared both analytically
and experimentally for a number of tanks.

Theoretical Analyses
Consider a uniform thin wall circular cylindrical tank of

length /, liquid depth 26, and radius a, as shown in Fig. 1.
Following Miles, the equations of motion may be determined
from a Lagrangian formulation of the problem taking the
kinetic energy in the form

and the potential energy as

where the <?»• are generalized coordinates corresponding to
translation, rotation, bending, and sloshing motion of the
coupled system. The derivation of the kinetic and potential
energy coefficients m^ and ka for the system under consider-
ation is given in Miles' paper, and, therefore, the details will
not be repeated here. The coefficients for coupled bending-
liquid free surface oscillations are given in Appendix A, how-
ever, for reference. These coefficients are derived from a
velocity potential so that nonviscous, irrotational flow is as-
sumed.

The equations of motion, obtained from the substitution
of the energy expressions into Lagrange's equations, for
bending and liquid free-surface motion only, are

(me

= 0 (la)

§3 = 0
8 = 1,2,3 . . .

q f(z)

b) DISPLACED CONDITION

a) EQUILIBRIUM CONDITION

Fig. 1 Coordinate system for the bending tank containing
an internal liquid.

The frequency equation obtained from Eqs. (la, b), by as-
suming periodic motion, is

CO2 - C032 - E '
s = l

(co2-
= 0 (2)

The subscripts 3 and s + 3 correspond to the generalized dis-
placements, qs(t)f(z) denoting bending displacement and
qs+3(f)*l/(r,d) denoting displacement of the free liquid surface
from a plane normal to the generator of the cylinder (see
Fig. 1). In Eqs. (1) and (2) the following notation is used:

= j __£_£—__M i _ uncoupled bending frequency
\ me + m3>3 /

/ks+3 S+3 \1/2

= ( ——-— } = uncoupled sloshing frequencies

#3,8+3

m3,s+3
= coupling coefficients

W2
3,H-3

m3,3)
= coupling coefficients

me and coe are the effective empty tank mass and resonant
bending frequency, respectively. The bars over the coeffi-
cients indicate normalization by the total liquid mass.

The frequency equation has an infinite number of roots
co = con. The root in the neighborhood of co3, the uncoupled
bending frequency, is of primary interest. A considerably
simplified expression may be obtained for this root if the
coupled bending frequency co is large compared with the
sloshing frequencies cos+3 and the coupling coefficient 03a.
This will be the case for the uniform cylindrical shell, since
co is large for this case, and at these high frequencies the
coupling between bending and sloshing mainly is inertial.
By neglecting £23s and cos+3 in comparison with co, the simpli-
fied frequency equation

C03 s=i (3)

is obtained. The difference between the coupled and un-
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TANK FINENESS RATIO l/d

Fig. 2 Percent increase in resonant bending frequency as
a result of the coupling with liquid free surface motions
for cantilever tanks of varying fineness ratio l/d and

fractional liquid depth.

TANK FINENESS RATIO L/d

Fig. 3 Percent increase in resonant bending frequency as
a result of the coupling with liquid free surface motions
for pin-ended tanks of varying fineness ratio l/d and

fractional liquid depth.

coupled bending frequencies thus is determined by the co-
efficients ass. The uncoupled inertia coefficients, w3,3,
ms+3,H-3, and me, always are positive. The inertia coupling
coefficient m3>s+3 niay be either positive, negative, or zero,
depending upon the ratio b/a. When m3)S+3 = 0, it follows
that a3s = 0, causing a sharp minimum in coupling for cer-
tain tank configurations (the coupling need not actually be-
come zero because of the summation over s and the presence
of the small potential coupling &3,s-f3). This minimum in
coupling is noted particularly in the results for the cantilever
tank near b/a = 1. This situation is analogous to the in-
ertially coupled bending and torsional vibrations of a beam,
in which case the uncoupling occurs when the shear center
of a beam coincides with its centroid. For m3)S+s ^ 0, the
factor [1 — Sass]"1 is always greater than unity, thus always
yielding an increase in the coupled bending frequency due to
the presence of the free liquid surface.

In the forementioned analysis, as in the paper of Miles,
attention was centered on the root con of the frequency equa-
tion near the bending frequency co3 of the capped tank. There
are other roots of this equation, however, which correspond
to and lie near the liquid sloshing frequencies cos+3, i.e., the
coupling between the bending and sloshing also changes the
resonant sloshing frequencies from their uncoupled or rigid
tank values. If only the root of the frequency equation in
the neighborhood of cos+s is looked at, this equation can be
written, by neglecting the summation, as

o^ — fOo^ — (4)

Let A = co2 — co2
6+3, the difference between the uncoupled

sloshing frequency and the root of the coupled frequency
equation near cos+3. With a little manipulation, the follow-
ing quadratic equation for A is obtained:

- [co3
2 - co2

s+3 - s+3)]A -
2

s+3)2 = 0 (5)

Solvin for Ag yields

A = 1
_ ,

cos+3

23s(03s — C02
s+3) —

2a8.(Qto - co2
s+3)]2 +

4(1 - a3s)a3s(123s - cu2
s+3)2)1/2}

*3s(^3s — W2
s+3) —

1

[co3
2 — co2

s+3 — 2a3s(03s — co2
s+3)] X

— 2a3s(03s — w2 (6)

The forementioned approximation involves neglecting second-
and higher-order terms in the expansion of the radical of the
first expression. This will be valid for cos+3 <3C cos. If it is
noted also that a3s < 1 and 03s <<C o>, a further approximation
can be made giving

A = co2 - C02
s+3)2

(7)

Since «3s is always a positive quantity, the coupled sloshing
resonances will be always less than the uncoupled values.
Under the assumption of co3 large, the difference will be small.

Equation (3) is solved for the particular cases of uniform
cantilever and pin-ended tanks with the liquid at varying
partial depths 2b/l. The integrated expressions for the
relevant m»-,- and #»,- for these two end conditions and assumed
mode shapes are given in Appendix B. The expressions for
the cantilever tank are the same as those given by Miles
with I = 2b (full tank), except for an additional term in me to
include the effect of the rotary inertia of the tank. Figures
2 and 3 show the results for these two tank configurations
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plotted as the percent increase in bending frequency due to
coupling [(o> — cosVcos] X 100 vs tank-fineness ratio l/d
for varying partial depths 2b/l. These curves may be affected
appreciably by the assumed bending mode shape, which in
these analyses involved a parabolic mode shape for the canti-
lever tank and a sinusoidal mode shape for the pin-ended
tank. The effect of variation from these assumed mode
shapes is demonstrated and discussed in the section of this
paper dealing with the experimental results.

The curves in Figs. 2 and 3 are for the special case of a uni-
form shell where o>3 » ws+3. In order to determine the effect
of coupling on the resonant frequencies of the system when
co3 and cos+3 are of the same order of magnitude, the exact
frequency equation (2) was solved for a cantilever tank with
an added tip mass. The tip mass was added in order to
lower the bending resonance. Analytically, this involved
only a slight modification of the empty tank inertia coefficient
me but required considerably more effort in solving for the
eigenvalues of the frequency determinant of the set of Eqs.
(la) and (Ib). In the analysis, six modes, one bending and
five sloshing, were used.

The results of this analysis showed that the addition of
mass to the vibrating system, although lowering the resonant
bending frequency, also reduces the effect of the sloshing
mass on the response of the entire system. For the canti-
lever tank, the addition of a tip mass of 10 times the empty
tank mass reduced the maximum frequency increase of ap-
proximately 11% as shown in Fig. 2 to less than 1.5%. Fur-
ther increases in tip mass reduce the influence of the free sur-
face on resonant bending frequency still further. It would
appear, therefore, that consideration of the free surface
boundary condition will only be significant in those cases
where the sloshing mass is an appreciable portion of the total
vibrating mass, as in the bending of relatively low fineness
ratio, uniform shells. For large missile structures where
the total bending mass is large, the liquid sloshing mass can
be neglected in the calculation of overall bending resonant fre-
quencies without significant error.

The solution for all six roots of the coupled frequency
equations showed also that the resonant sloshing frequencies
did not change appreciably from their uncoupled values.
Thus, rigid tank sloshing frequencies are adequate for use in
the bending tank.

Experimental Apparatus and Procedures

The overall apparatus and instrumentation used to obtain
the coupled liquid-tank fundamental bending frequency data
from the various tanks examined is essentially the same as
that used in previous studies of breathing vibrations of shells
containing a liquid.1 Briefly, the apparatus consists of three
components: the support fixture, the excitation system, and
the sensing system. The support fixture provides a mount
for thin steel cylindrical tanks, including the various desired
end conditions. In addition, this fixture provides support for
portions of the other two systems. An electromagnetic coil
is mounted on the test fixture so that its core is very close
to, but not in contact with, the tank. Excitation is pro-
vided by driving the coil with an oscillator through a 200-w-
power amplifier. The lateral displacement of the tank is
monitored by two noncontacting inductance-type displace-
ment transducers mounted on the test fixture in close proxim-
ity to the tank. One probe is fixed for a reference displace-
ment, whereas the other can be moved axially and circumfer-
entially around the cylinder so that radial displacement at
any location on the tank can be monitored. Relative dis-
placement is read on an oscilloscope whereas frequency is
determined accurately on an electronic counter.

A slight modification to the test fixture was necessary to
provide a capping device to suppress the free surface of the
liquid inside the shell. Figure 4 shows a simplified sketch

of the test fixture with a pin-ended tank mounted in it, and
the capping device mounted and extending down into the
tank. The cap is made of clear plastic and machined to a
0.015-in. clearance on the inside diameter of the tank. The
cap also contains several small holes to prevent air pockets
from forming as the cap is lowered onto the liquid surface.
Two i-in. rods allow the cap to be adjusted to the desired
elevation. It was found necessary to secure a lead weight
to the cap to provide a very low resonant frequency in the
capping device, since induced vibrations in this cap could
produce severe error in the measured data.

The thin circular cylindrical tanks were machined from
4130 steel seamless tubing. Three different length tanks,
15.95 in., 9.20 in., and 5.20 in., were each tested in the canti-
lever and pin-ended support condition. The effective lengths
in the cantilevered condition were 1 in. less than in the pin-
ended condition because of the clamping at one end. All
tanks were 2.970-in. mean diameter and 0.010-in. wall thick-
ness.

The dimensions of these tanks were chosen to provide ex-
perimental correlation in a range of l/d ratios. Unfortu-
nately, uniform liquid filled shells of these sizes pose a severe
problem by virtue of their possessing many breathing resonant
frequencies, each of which has its own variation with liquid
depth.1 Some of these breathing resonances occur near the
fundamental bending frequency and have displacement re-
sponses that are far more prominent than that of the bending
response. In order to suppress the more prominent breath-
ing responses and still maintain a circular cross section for
bending, it was necessary to secure thin stiffener rings around
the outside of the tanks. These J-in. wide by y^-in. thick
evenly spaced aluminum rings were cemented to the outside
of the tanks. It obviously was desirable to use as few rings
as possible, but it still was found necessary to use from three
to five rings, depending on the tank length. Even then it
was not possible to suppress the most prominent breathing
modes, and it was impossible to obtain bending data at some
liquid depths where these coupled with the bending. In fact,
it was impossible to get any bending information from the
5.20-in.-long tank in any condition.

The procedure followed was to determine the resonant
bending frequency at a given liquid depth with the cap just
in contact with the free surface and with the cap removed.
This was repeated several times at each depth to obtain
average frequency values. The system was very sensitive
to the manner of capping so that great care was necessary
to prevent the accumulation of trapped air beneath the cap
and yet not change the effective level of the liquid by lowering
the cap too far. There was also the previously mentioned
problem of induced vibrations in the cap. Resonance was
determined from the relative peak displacement amplitude
as viewed on the oscilloscope. Identification of the bending
mode was made from measured wall displacement phase
changes using a stationary and circumferentially adjustable
probe. An axial plot of the bending mode shapes also was

CAPPING DEVICE

CYLINDRICAL TANK

STIFFENER RING

STATIONARY FIXTURE

ADJUSTABLE CROSSHEAD

PLASTIC CAP

PIN SUPPORT

Fig. 4 Schematic of apparatus showing capping device.
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PARABOLIC

uncoupled bending frequency is taken as
THEORETICAL

O EXPERIMENTAL, l/d = 2.76
a EXPERIMENTAL', i/d = 5.03

0 0.2 0.4 0.6 0.8 1.0

FRACTIONAL DEPTH OF LIQUID (2b/l)

Fig. 5 Capped resonant bending frequency vs fractional
liquid depth for two cantilever tanks.

made for correlation with those assumed in the theory.
Water was the only liquid used for these tests.

Experimental Results and Discussion

Cantilever Tanks

Data were obtained for two cantilever tanks having l/d
ratios of 2.76 and 5.03. These were chosen to lie in the re-
gion of maximum coupling effect (see Fig. 2). The third
tank of l/d = 1.41 was found to be too short to obtain satis-
factory bending data. Figure 5 shows the experimental and
theoretical capped tank resonant frequencies as a function
of the fractional depth of liquid in the tank. The theoretical

THEORETICAL
EXPERIMENTAL, l/d = 2.76
EXPERIMENTAL, l/d = 5.03

0.2 0.4 0.6 0.8

FRACTIONAL DEPTH OF LIQUID (2b/l )

Fig. 6 Percent increase in resonant bending frequency vs
fractional liquid depth for two cantilever tanks.

mecoe
2 is the effective bending stiffness of the empty tank (the

potential energy of the liquid due to bending is neglected
in comparison with the elastic energy of the tank). m« and
m3j3 are the respective mass coefficients for the empty tank
and the contained liquid. Because of the addition of the
stiff ener rings to the tanks it was necessary to adjust each
theoretical empty tank frequency coe and mass me. This was
done by forcing these values to fit the experimental un-
coupled, empty and full tank resonant frequencies.

The difference between the capped and uncapped resonant
frequencies is plotted in Fig. 6 as the percentage frequency
increase [(a; — a>3)/co3] X 100 against fractional depth.
For both the frequency and the frequency increase data, for
the partially full tank, the agreement between experiment
and the theory based on a parabolic mode shape is seen to
diverge considerably. This raises the question as to whether
or not the assumed mode shape is adequate to represent the
actual conditions. For this reason the actual bending mode
shapes for the two tanks were measured and are given in Fig.
7, along with the assumed parabolic curve. It is obvious that
considerable divergence existed, being more pronounced for
the tank of smaller l/d. The closer agreement between the
mode shape for the tank of l/d = 5.03 and the parabola is
reflected in the experimental results. Because of the high
bending stiffness of the shorter tank, the mode shape shows
little curvature.

In order to check whether or not the deviation between
theory and experiment was primarily the result of the diver-
gence from the assumed parabolic mode shape, the inertia
coefficients for the liquid were recalculated for the case of
l/d = 2.76 using a linear mode shape. The theoretical re-
sults for frequency and frequency increase based on the linear
approximation are therefore also plotted in Figs. 5 and 6.
The experimental data now were seen to fall between the
linear and parabolic curves, as would be expected from the

- PARABOLA
- EXPERIMENTAL, l/d = 2.76

- EXPERIMENTAL, l/d = 5.03

0.2 0.4 0.6 0.8
NORMALIZED BENDING DISPLACEMENT

Fig. 7 Bending mode shapes for the two cantilever tanks.
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———— THEORETICAL
O EXPERIMENTAL, t/d = 5.37

0.2 0.4 0.6 0.8

FRACTIONAL DEPTH OF LIQUID (2b/l)

Fig. 8 Capped resonant bending frequency vs fractional
liquid depth for the pin-ended tank.

actual mode shape. Taking this sensitivity of the results
to mode shape into account, the experimental points appear
to correlate well with theory. In order to obtain more pre-
cise quantitative agreement, it would be necessary to use
actual measured mode shapes, especially for the partially full
tank where the mode shape is liable to change with changing
depth. The change in mode shape for varying liquid depth
was not pronounced in the cantilever tanks but will be seen
to be significant for the pin-ended tanks.

Pin-Ended Tanks

Figures 8 and 9 show the capped tank bending resonant fre-
quency and percent frequency shift vs fractional depth of
liquid for a pin-ended tank of l/d = 5.37. It was not pos-
sible to obtain consistent bending data from the shorter
tanks in the pin-ended configuration because of coupling with
breathing resonances.

Figure 10 indicates that the mode shape problem is even
more complicated for a pin-ended tank than for the canti-
lever tank. The full and empty tank mode shapes appear
to be much like the half-sine wave assumed in the theory,
but for the partially full tank considerable deviation is noted.
It is difficult to make a direct comparison with the measured
results because of the inaccuracy involved for this case in
measuring the mode shape at the wall of the shell and not at
its center line. Rotation of the shell cross section near the
ends causes the relative displacement of a point on the shell
wall, as measured by the fixed, finite diameter, displacement
transducer to be slightly different from that of a point at
the same elevation on the centerline. This accounts for the
apparent displacement of the bottom of the tank." The
evident and important conclusion, however, is that the mode
shape continuously varies with depth of liquid in the tank.
The maximum displacement occurs at the midpoint of the
full shell, shifts downward until a depth of about f full is
reached, then shifts back upward until it again is at the mid-
point for the empty shell. Since the bending frequencies
are all highly sensitive to slight changes in mode shape, it is
apparent that an exact solution would require accounting for
the change of mode shape with depth, an extremely complex
and mathematically cumbersome problem.
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XPERIMENTAL, l/d = 5.37

\
\
\
\

0 0.2 0.4 0.6 0.8 1.

FRACTIONAL DEPTH OF LIQUID (2b/l)

Fig. 9 Percent increase in resonant bending frequency vs
fractional liquid depth for the pin-ended tank.

The theoretical curves of Figs. 8 and 9 are based on a
half-sine wave mode shape, which is seen to be a good ap-
proximation for both the full and empty tank. At the lower
fractional depths, where the deviation in mode shape is great-
est, the experimental points also show the greatest deviation.
The large deviations at very shallow depths, especially in
the frequency shift, may be due partially to the fact that
the cap on the liquid surface is fixed and does not rotate with
the tank; this violates the theoretical assumption of the
capped surface remaining normal to the generator of the

" In Fig. 10 the measured displacement at the top of the tank
was set arbitrarily to zero for comparison with the assumed
mode shape.

0.2 0.4 0.6 0.8

NORMALIZED BENDING DISPLACEMENT

Fig. 10 Bending mode shapes for the pin-ended tank
showing the effect of partial depth of liquid in the tank.
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tank. For the pin-ended tank, where the bottom is free to
rotate, this may become significant at very shallow depths
because the end conditions predominate.

Conclusions

The presence of free liquid surface motion in a circular
cylindrical tank always will increase the resonant bending
frequency of the tank as compared with the tank having
the same total mass of liquid but with the sloshing suppressed.
Similarly, the resonant sloshing frequencies are decreased
because of the coupling with bending, although not by a
significant amount.

The increase in the coupled bending resonant frequency
appears to be significant only for tanks where the effective
sloshing mass is an appreciable part of the total vibrating
mass, as in uniform cylindrical shells of small fineness ratio.
Increases of up to 11% were observed experimentally in
cantilever tanks and up to approximately 7% in pin-ended
tanks. The experimental data presented for these two
tank configurations conform, at least qualitatively, with the
theory based on a Lagrangian formulation of the problem
as first suggested by Miles and extended herein. In order
to obtain more accurate quantitative agreement with theory,
it would be necessary to consider a more accurate formulation
of the bending mode shape. In the present work, a single
mode approximation was made. It is possible within the
framework of the theory to use the superposition of several
tank modes in the formulation of the frequency determinant,
thereby obtaining greater accuracy at the expense of compu-
tational effort. For the partially filled tank this becomes
increasingly necessary as the mode shape may become quite
unsymmetric at some depths. The added difficulty also
arises that, for tanks of low fineness ratio (that region where
the free surface boundary condition can have a significant
effect on resonant frequency in bending), there also may exist
many other resonant shell modes1 at frequencies in the
neighborhood of the bending mode. Thus, it may become
necessary to consider these modes in certain cases. An
analysis of the effect of the free surface on the resonant fre-
quencies of these shell modes has been given in a recent
report by Lianis and Fontenot.7

For tanks of low bending frequency resulting from masses
added to the system, as in space vehicle booster tanks with
engines and upper stages attached, the contribution of the
sloshing mass to the total vibrating mass may become
negligible in calculating resonant bending frequencies.

Appendix A

The kinetic and potential energy coefficients w»y and ka
for the tank subject to coupled bending and liquid oscilla-
tions as shown in Fig. 1 are given below. These are essen-
tially the same as those as given by Miles.2 Following
Miles, i = 3 corresponds to a bending displacement along
6 = 0, and i = s + 3 corresponds to a displacement of the free
liquid surface from a plane normal to the axis of the tank.
The bars over the coefficients indicate normalization by the
total liquid mass, M = 2irazbpL.

m3,3 = Ft + \ Z iMV +

1- 1

csch(2/336/a) x

a / J

a ft2- 1
4b~j*~

e

= g _

&.H-3 = - 2-gl/'(*>)

The following notation has been used:

Fo = ± P /(z)<fe
ZtO *J — o

i >
7i(«ra/2&)

^S " (OTa/2&)/o(*ro/2&) - /iO'

£s(£) = • aJ_6/(^) coshl -

Ji'(P,) = 0

Appendix B
The mujkij, and assumed bending mode shapes for the

particular tank configurations studied in this paper are given
below.

Cantilever Tank

,, _ /z+jA2 _ A'\2
/ ( " } ~V i ) ~\i)

- = (M\ [L _ 1 M2 - —— (a\ 4-ms'3 \lj [_45 6\bJ 384 \6/ "*"

- Z ~s + 2 f-Y 7) coth(2ft6/a)l
7T4

 s=l S4 \6/ s = ! /3.»(ft* - 1)J

^ + _ W f-i- ̂  - ^V Xm*>s+*-\i) L2^W W x

h 4^(01

,8+3
1 /a\ (g.2 - 1) ,, /2ft6\

= 4 W ——JH- ™i\-^)

2«?r/6WaV 4/6
- -

—

# The second term in the brackets includes the effect of rotary
inertia of the tank walls not included in Ref. 2. Me is the total
tank mass.
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Pin-Ended Tank

Mode shape

V)
-

i~ i / A2 , i /<*'.3 = hn I A ) + T« I» :|_47r2 \o/ 16 \b

V

^, Xy -1*

[£/«)• + i]{coth(?^)[1 + ""'(T)] -
/27r&\ ,/2/3a6\) ^ 1

2 COS( -y- ) CSChl ——— ) > - 2^ ^-7^———7T X\ I I \ a I j s = i 27r(ps
2 — 1)

(b/l)

2ir[l

K-f) -COS

£L (^ ~ 1)
46 &3

r»
(2-?)

T) - •]}

, COS

UPS
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Response of Elastic Columns to Axial Pulse Loading
NORRIS J. HUFFINGTON JR.*

Martin Company, Baltimore, Md.

In the analysis of columns subjected to axial load pulses of short duration, the nonuniform
distribution of longitudinal force along the axis has a significant effect upon the solution.
Consequently, it is important to employ a formulation that properly accounts for the propa-
gation of longitudinal and flexural waves and for their interaction. The equations of motion
are simultaneous nonlinear partial differential equations. These are solved by an explicit
finite difference procedure, taking into account the requirements for stability of the nu-
merical analysis. Solutions are contrasted for two theories, in one of which the effects of
rotatory inertia and transverse shear deformation are incorporated, whereas in the other these
are omitted. A limited study of the effects of varying system parameters is also presented.
For the problems treated, the induced flexural stresses are found to remain small in compari-
son to the axial stresses.

Introduction

THE topic of columns subjected to time-varying axial
loads has been considered by many investigators dating

back at least to the 1933 paper by Koning and Taub.1 Much
of the literature prior to 1958 has been summarized in a re-
port by Kotowski.2 For the most part, investigators in
this era chose to neglect the effect of longitudinal inertia.
This is equivalent to assuming that axial stress waves can
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be propagated with infinite velocity so that there can be no
variation in axial force along the column. For axial forces
that vary with a frequency much less than the fundamental
frequency of longitudinal vibration, neglect of longitudinal
inertia should constitute a satisfactory engineering approxi-
mation. Additionally, the paper by Gerard and Becker3

and the report by Hoppmann4 should be noted in which the
effects of longitudinal waves were considered. However, in
both instances the transverse inertia forces were omitted,
providing a basis for doubts regarding the physical corre-
spondence of these formulations.


